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a b s t r a c t
Let p be an odd prime. A family of (p − 1)-dimensional over-lattices yielding new
record packings for several values of p in the interval [149 . . . 3001] is presented. The
result is obtained by modifying Craig’s construction and considering conveniently chosen
Z-submodules ofQ(ζ ), where ζ is a primitive pth root of unity. For p ≥ 59, it is shown that
the center density of the (p− 1)-dimensional lattice in the new family is at least twice the
center density of the (p− 1)-dimensional Craig lattice.
© 2010 Elsevier B.V. All rights reserved.
1. Introduction
The classical sphere packing problem consists in finding an arrangement of identical spheres in n-dimensional Euclidean
space Rn in such a way that the fraction of the space occupied by them, namely, the density of the packing, is the highest
possible [2, p. 1]. When the centers of the spheres form an n-dimensional lattice, that is, a discrete subgroup of Rn of rank
n, the sphere packing is called an n-dimensional lattice packing. The densest possible lattices (or, strictly speaking, lattice
packings) have been determined for dimensions n ≤ 8; see [2, p. 12]. Tableswith the best knowndensities of lattice packings
in several dimensions are provided in [2, pp. xix–xx, 15–17].
A successful approach for constructing dense lattices in dimension n consists of embedding a number field K of degree n
intoRn in such away that any free Z-submoduleM of K of rank n (e.g., an integral ideal inOK , the ring of integers of K ) maps
into a discrete subgroup of Rn. The lattice obtained is said to be the geometric representation of M. Via this technique, M.
Craig was able to reproduce dense lattices, includingΛ24 (the famous Leech lattice) and E8, from cyclotomic number fields;
see [3,4].
In addition, he described a family of lattices in dimensions p−1, where p is any odd prime, as follows. Let ζ be a primitive
pth root of unity. Then a Craig lattice is the geometric representation of the integral Z[ζ ]-ideal ⟨1− ζ ⟩i, where i is a positive
integer. Usually, i is chosen so as to maximize the center density of the corresponding lattice. Craig’s family contains lattices
with the largest center densities known in several dimensions p− 1, where 149 ≤ p ≤ 3001; see [2, p. 224]. In dimensions
p− 1, where p ∈ {257, 509, 521}, the Mordell–Weil lattices [2, p. xviii] have a better density.
In this paper, by considering certain Z-submodules of Q(ζ ) constructed from the Z[ζ ]-ideal ⟨1 − ζ ⟩i, a new family of
lattices, denoted by {Tp}, is obtained. For p ≥ 59, it is shown that the center density of the (p− 1)-dimensional lattice Tp is
at least twice that of the (p− 1)-dimensional Craig lattice. For p ≥ 97, the center density of the (p− 1)-dimensional lattice
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Tp is at least three times that of the (p− 1)-dimensional Craig lattice, and so forth. Therefore, the new family yields the new
record packings in dimensions p− 1, where 149 ≤ p ≤ 3001, excluding the few mentioned above.
The paper is organized as follows: In Section 2, the necessary background and standard notation are reviewed. In
Section 3, the main result is presented and the densities of some Craig lattices and their counterparts in {Tp} are compared.
2. Preliminaries
LetΛ be an n-dimensional lattice, and let ρ be the packing radius ofΛ, that is,
ρ = 1
2
min{d(x, y) | x, y ∈ Λ, x ≠ y},
where d(·, ·) is the Euclidean distance in Rn. The volume of Λ, denoted by vol(Λ), is defined as the volume of the
parallelotope determined by any basis of the lattice. The center density ofΛ is δ(Λ) = ρn/vol(Λ); see [2, Chap. 1].
Hereafter, K will denote the cyclotomic field Q(ζ ), OK its ring of integers, namely, Z[ζ ], and p the integral OK -ideal
⟨1− ζ ⟩. Let σ1, . . . , σp−1 be the embeddings (Q-monomorphisms) of K into C, the field of complex numbers, where σj+ p−12
is the complex conjugate of σj for 1 ≤ j ≤ p−12 . The canonical embedding σ : K → Rp−1 is the injective ring homomorphism
defined by
σ(α) = (ℜσ1(α),ℑσ1(α), . . . ,ℜσ p−1
2
(α),ℑσ p−1
2
(α)),
whereℜz and ℑz are the real and imaginary parts of the complex number z, respectively [8, Chap. 2]. For i ≥ 1, the set
σ(pi) = {σ(ξ) | ξ ∈ pi} ⊂ Rp−1
is a (p − 1)-dimensional lattice, called a Craig lattice. Given α ∈ K , the squared Euclidean distance between σ(α) and the
origin is
‖σ(α)‖2 = 1
2
TrK/Q(αα¯),
where TrK/Q(·) denotes the trace, and α¯ is the complex conjugate of α; see [2, p. 225]. Notice that
ρ = 1
2
min{‖σ(ξ)‖ | ξ ∈ pi, ξ ≠ 0}
is the packing radius of σ(pi), and δ(σ (pi)) = ρp−1/vol(σ (pi)). The value of i that maximizes δ(σ (pi)) is i =

p−1
2 ln p

, where
[ · ] denotes the nearest integer function [2, p. 224].
We now state a few results necessary for the main theorem, which will be presented in Section 3.
Let q = p−12 . Any element α ∈ OK can be represented uniquely in the form α =
∑2q
j=0 ajζ j where the aj ∈ Z and
|∑2qj=0 aj| ≤ q. We denote the latter sum by s. In [6, p. 395], Gauss defined the general measure ν : K → R by ν(α) =∑q
j=1 |σj(α)|2. Observe that
TrK/Q(αα¯) = ν(α) = pt − s2,
where t =∑2qj=0 a2j . Clearly, α ∈ p if and only if s = 0, that is, if and only if ν(α) = pt . The next result was originally Lemma
9 of [5]. In addition, it can be found in [2, Theorem 7, p. 223], [1, Prop. 4.1, p. 188], and [7, Lemma 2, p. 149].
Lemma 1. Let i be any integer such that 1 ≤ i ≤ p−32 , and let ξ ≠ 0 be an element of pi. Then TrK/Q(ξ ξ¯ ) ≥ 2pi.
The statements contained in the next lemma are straightforward. They will be invoked later on.
Lemma 2. Let u = kpM where M ≥ 2 is an integer prime with p, and k is an integer such that 1 ≤ k ≤ M − 1. As a function of y,
the minimum of p(y2 + y)− 2puy+ 2qu2 is equal to
(4pMk−M2 − 4pk2)
4M2
p.
As a function of k, the latter expression attains its minimum at k = 1.
With notation as above, let
µM := max

m ∈ Z |m > 1 and
[
m− 1
2 lnm
]
>
m(M − 1)
2M2
− 1
8

.
Observe that µM is well defined: Indeed, whenm = 3, the expression on the left side of the inequality is always greater
than the expression on the right side.
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Table 1
Multiplicative factors with respect to Craig lattices.
FactorM 1 2 3 4 5 6 7
Dimension µM > 3 57 93 215 515 1299 3483
Lemma 3. Let Tp,M be the Z-module pi + Zω where ω = pM and i =

q
ln p

. If p > µM , then TrK/Q(ηη) ≥ 2pi for all η ∈ Tp,M .
Proof. Any η ∈ Tp,M can be written as η = ξ + uwhere ξ =∑2qj=0 ajζ j ∈ pi, and u = kω, with k ∈ Z and 0 ≤ k ≤ M − 1. If
k = 0, the statement of the lemma follows from Lemma 1. So, we will assume that k ≠ 0. We have ν(ξ) = t where
t = a20 + a21 + · · · + a22q ≥ a20 + |a1| + · · · + |a2q|
≥ a20 + |a1 + · · · + a2q|
= |a0|2 + |a0|.
Then ν(η) = pt + 2pua0 + 2qu2 ≥ p(|a0|2 + |a0|)− 2pu|a0| + 2qu2. From Lemma 2,
ν(η) = TrK/Q(ηη) ≥ (4pM −M
2 − 4p)
4M2
p.
For p > µM , one has
4pM −M2 − 4p
8M2
≥
[
q
ln p
]
= i,
which implies that TrK/Q(ηη) ≥ 2pi. 
3. The main result
By Lemma 3, the packing radii of σ(Tp,M) and σ(pi) coincide. Since the elements of σ(Tp,M) fall in M distinct cosets
kω+σ(pi), k ∈ Z, we have [σ(Tp,M) : σ(pi)] = M , whence vol(σ (pi)) = M · vol(σ (Tp,M)). Thus, δ(σ (Tp,M)) = M · δ(σ (pi)).
As a consequence of the previous observation, we can now state the main result of the paper:
Theorem 1. For p > µM , the set σ(Tp,M) is a (p − 1)-dimensional lattice whose center density is equal to M times the center
density of the (p− 1)-dimensional Craig lattice σ(pi), that is, δ(σ (Tp,M)) = M · δ(σ (pi)).
Denote σ(Tp,M) by Tp,M . Table 1 shows some values ofM and the corresponding µM :
Thus, for example, for p ≥ 521, the center density of Tp,5 is at least five times the center density of the corresponding
lattice in Craig’s family in the same dimension.
Finally, define Tp = Tp,M∗p whereM∗p = max{M | p > µM}. Since Craig’s family contains lattices with the largest center
densities known in dimensions p − 1 for 149 ≤ p ≤ 3001, then {Tp} yields the new densest packings known in those
dimensions.
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